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Stable lattices in modular Galois representations
and Hida deformation
Dong Yan
Abstract
In this paper, we discuss the variation of the numbers of the isomor-
phic classes of stable lattices when the weight and the level vary in a
Hida deformation by using the Kubota-Leopoldt p-adic L-function. Then
in Corollary 1.7, we give a sufficient condition for the numbers of the
isomorphic classes of stable lattices in Hida deformation to be infinite.
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1 Introduction
Fix a prime p ≥ 3. We denote by Q (µp∞) the extension of the field of rational
numbers Q obtained by adjoining all p-power roots of unity. We fix a complex
embedding Q →֒ C and a p-adic embedding Q →֒ Qp of an algebraic closure
Q throughout the paper, where C is the field of complex numbers and Qp
an algebraic closure of the field Qp of p-adic numbers. We fix a topological
generator u of 1+pZp throughout the paper. We denote by Q∞ the cyclotomic
Zp-extension of Q. Let
χcyc : Gal
(
Q/Q
)
։ Gal (Q (µp∞) /Q)
∼
→ Z×p
be the p-adic cyclotomic character. Thus χcyc is decomposed into the product
χcyc = κcycω where
κcyc : Gal (Q∞/Q)
∼
→ Gal (Q (µp∞) /Q (µp))
χcyc
→ 1 + pZp
1
is the canonical character and
ω : Gal (Q (µp) /Q)
∼
→ Gal (Q (µp∞) /Q∞)
χcyc
→ µp−1
the Teichmu¨ller character. Let O ⊂ Qp be a commutative ring which is finite
flat over Zp and let ψ be a Dirichlet character modulo M . We denote by
Sk (Γ0 (M) , ψ,O) the space of cusp forms of weight k, levelM , Neben character
ψ and Fourier coefficients in O. We also denote by the same symbol ψ the
corresponding character of Gal (Q(µM )/Q) ∼= (Z/M)
×. For a group ∆M which
is isomorphic to Gal (Q(µM )/Q), a Zp-module M which has a Zp-linear action
of ∆M and a character ε of ∆M , we denote by M
ε =M⊗Zp[∆M ] Zp[ε].
In 1976, Ribet [16] proved the converse of Herbrand’s theorem as follows:
Theorem 1.1 (Ribet). Let k be an even integer satisfying 2 ≤ k ≤ p−3 and Bk
the k-th Bernoulli number. We denote by Cl(Q(µp))[p
∞] the p-part of the ideal
class group of Q(µp) on which the Galois group Gal(Q/Q) acts by functoriality.
Suppose p divides Bk. Then Cl(Q(µp))[p
∞]ω
1−k
6= 0.
The method of Ribet’s proof is to construct a normalized Hecke eigen cusp
form f =
∞∑
n=1
a(n, f)qn ∈ S2(Γ0(p), χ) which is congruent to Eisenstein series
by the condition p divides Bk. Then by using the Galois representation ρf
attached to f due to Deligne and Shimura, Ribet constructed an unramified
p-extension of Q(µp) by using a canonical stable lattice (see Proposition 1.2
below) of ρf . By extending Ribet’s method, Mazur-Wiles [12] and Wiles [24]
proved the Iwasawa main conjecture for Q and for totally real fields.
The key lemma Ribet used, which is called “Ribet’s lemma”, is the following
proposition:
Propostion 1.2 (Ribet’s lemma). Let (O, ̟,O/ (̟)) be the ring of integers
of a finite extension of Qp where ̟ is an uniformizer of O. Let K = Frac(O)
be the fraction field of O and V a 2-dimensional K-vector space. For a given
p-adic representation
ρ : G→ AutK(V )
of a compact group G, let ρ¯ss be the semi-simplification of the mod ̟ repre-
sentation (see Section 2.1 below). Suppose ρ is irreducible and ρ¯ss ∼= ψ1 ⊕ ψ2,
where ψ1, ψ2 : G→ (O/ (̟))
×
are characters. Then there exists a stable lattice
T ⊂ V for which ρ¯T is the form
(
ψ1 ∗
0 ψ2
)
but is not semi-simple.
Let f be a normalized Hecke eigen cusp form and ρf : Gal(Q/Q)→ GL2(K)
the continuous irreducible representation attached to f , where K is the field
Qp({a(n, f)}n≥1). We denote by L(ρf ) the set of the isomorphic classes of stable
lattices of ρf . Since ρf is irreducible, ♯L(ρf ) is finite (see (5) of Proposition 2.2
below). The author wants to determine ♯L(ρf ) for a given f . For example the
known result is obtained by Greenberg and Monsky for the Ramanujan’s cusp
form ∆ = q
∞∏
n=1
(1− qn)24 ∈ S12 (SL2 (Z)) and p = 691:
Propostion 1.3 (Greenberg, Monsky). Let ρ∆ : Gal(Q/Q) → GL2(Q691) be
the 691-adic representation attached to ∆. Then ♯L(ρ∆) = 2.
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Remark 1.4. The work of Greenberg and Monsky is unpublished. See [11,
Section 12, Proposition 1] for the statement. For the proof of more general
settings, see Proposition 3.5 and the table after it.
A cusp form f is called p-ordinary if its p-th Fourier coefficient a (p, f) is
a p-adic unit. Now we prepare some notations on Hida deformation. We fix
a positive integer N prime to p and let χ be a primitive Dirichlet character
modulo Np. If ζ ∈ µpr (r ≥ 0) is a p
r-th root of unity, we denote by χζ the
Dirichlet character as follows:
χζ :
(
Z/pr+1Z
)×
→ Q
×
p , u mod p
r+1 7→ ζ.
Now let I be an integrally closed local domain which is finite flat over Λχ =
Zp[χ][[X ]] and XI the set of homomorphisms defined as follows:
XI =
{
ϕ : I→ Qp
∣∣ ϕ(1 +X) = ζϕukϕ−2, (kϕ, ζϕ) ∈ Z≥2 × µp∞ } .
Let F =
∞∑
n=1
c(n,F )qn ∈ I[[q]] be an I-adic cusp form (resp. I-adic normal-
ized Hecke eigen cusp form) with character χ. That is,
fϕ :=
∞∑
n=1
ϕ(c(n,F ))qn ∈ Skϕ
(
Γ0(Np
rϕ+1), χζϕχω
1−kϕ , ϕ (I)
)
is a p-ordinary cusp form (resp. p-ordinary normalized Hecke eigen cusp form)
for all ϕ ∈ XI, where ζϕ is a primitive p
rϕ-th root of unity. We denote by
Sord(χ, I) the space of I-adic forms with character χ. Let T(χ,Λχ) the ring
generated over Λχ by all Hecke operators T (l) for all primes l. Then T(χ, I) =
T(χ,Λχ)⊗Λχ I acts on the space S
ord(χ, I).
Let F be an I-adic normalized Hecke eigen cusp form and Frac(I) the field
of fraction of I. Hida [8] proved that there is a continuous representation
ρF : Gal(Q/Q)→ GL2(Frac(I))
such that for any ϕ ∈ XI, the residual representation ρF (Kerϕ) (see Definition
2.8) is isomorphic to ρfϕ .
From now on throughout the paper, we denote by φ the Euler function and
we fix a positive integer N prime to p. Let χ be a primitive Dirichlet character
modulo Np. Let I be the same as above with m the maximal ideal of I. We
denote by Sord(χ, I),T(χ, I) the same as above. Let F be an I-adic normalized
Hecke eigen cusp form. Now we are going to determine ♯L(ρfϕ ) when ϕ varies
in XI. Our result is the following theorem:
Theorem 1.5. Suppose p ∤ φ(N) and ρF (m) ∼= ψ1 ⊕ ψ2 such that ψ1 (resp.
ψ2) is unramified (resp. ramified) at p. Assume the following condition:
(D) There exist Dirichlet characters χ1, χ2 with relative prime conductors
such that χ1χ2 = χ, χ1 6= χ2ω and χi = ψi(i = 1, 2).
We enlarge I such that I is also finite flat over Λχ1χ−12
. Then we have the
following statements:
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(1) For any ϕ ∈ XI such that ϕ(1 +X) = ζϕu
kϕ−2, we have
♯L(ρfϕ) ≤ ord̟ϕ(Lp(1− kϕ, χζϕχ
−1
1 χ2ω)) + 1,
where ̟ϕ is a fixed uniformizer of ϕ(I) and Lp(s, χζϕχ
−1
1 χ2ω) is the
Kubota-Leopoldt p-adic L-function.
(2) Assume that
(R) N = 1 and T(χ,Λχ) is isomorphic to Λχ.
Then for any ϕ ∈ XI such that ϕ(1 +X) = ζϕu
kϕ−2, we have
♯L(ρfϕ) = ord̟ϕ(Lp(1− kϕ, χζϕχω)) + 1.
(3) Let L∞, L∞ (Np) be the maximal unramified abelian p-extension of
Q (µNp∞) and the maximal abelian p-extension unramified outside Np
of Q (µNp∞). We denote by X∞ = Gal (L∞/Q (µNp∞)) and by Y∞ =
Gal (L∞ (Np) /Q (µNp∞)) on which ∆Np = Gal (Q (µNp∞) /Q∞) acts by
conjugation. Assume the following conditions:
(C) The Λχ1χ−12
-modules X
χ1χ
−1
2
∞ and Y
χ−11 χ2
∞ are cyclic.
(P) The ideal generated by the Iwasawa power series (see Section 2.3
below) Gˆχ−11 χ2
(X)I is a prime ideal in I.
Then for any ϕ ∈ XI such that ϕ(1 +X) = ζϕu
kϕ−2, we have
♯L(ρfϕ) = ord̟ϕ(Lp(1− kϕ, χζϕχ
−1
1 χ2ω)) + 1.
Theorem 1.5 will be proved at the end of Section 3.2. Now we discuss the
boundedness of ♯L
(
ρfϕ
)
when the weight and the level vary. When we fix an
r ∈ Z≥0, we define X
(r)
I
:
X
(r)
I
=
{
ϕ ∈ XI
∣∣ ϕ(1 +X) = ζϕukϕ−2, (kϕ, ζϕ) ∈ Z≥2 × (µp∞ \ µpr ) } .
When we fix a ζ ∈ µp∞ , we define XI,ζ :
XI,ζ =
{
ϕ ∈ XI
∣∣ ϕ(1 +X) = ζukϕ−2, kϕ ≥ 2 } .
When we fix a k ∈ Z≥2, we define XI,k :
XI,k =
{
ϕ ∈ XI
∣∣ ϕ(1 +X) = ζϕuk−2, ζϕ ∈ µp∞ } .
Corollary 1.6. Let the assumptions and the notations be as in Theorem 1.5.
We denote by Gˆ∗
χ−11 χ2
(X) the distinguished polynomial associated to Gˆχ−11 χ2
(X).
Then we have the following statements:
(1) There exists an integer r ∈ Z≥0 such that
♯L(ρfϕ ) ≤ rankΛχI · degGˆ
∗
χ−11 χ2
(X) + 1
is bounded when ϕ varies in X
(r)
I
, where rankΛχI is the rank of the Λχ-
module I.
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(2) For each integer k ≥ 2, ♯L(ρfϕ) is bounded when ϕ varies in XI,k.
(3) Suppose that I is isomorphic to O[[X ]] with O the ring of integers of
a finite extension of Qp. Then there exists an integer r
′ ∈ Z≥0 such that
♯L(ρfϕ) is constant when ϕ varies in X
(r′)
I
.
(4) Assume the condition (R) or both of the conditions (C) and (P). For
each ζ ∈ µp∞ , ♯L(ρfϕ ) is unbounded when ϕ varies in XI,ζ if and only if
Lp(1 − s, χζχ
−1
1 χ2ω) has a zero in Zp.
Corollary 1.6 will be proved in Section 3.3. Let L(ρF ) be the set of the
isomorphic classes of stable lattices of Hida deformation ρF . Now we give a
result of ♯L(ρF ) answering Question 4.5 1 of [15].
Corollary 1.7. Let the assumptions and the notations be as in Theorem 1.5.
Assume the conditions (D), (C) and (P). Further assume the following condition
(F) There exists a stable lattice T which is free over I.
Suppose that there exists a ζ ∈ µp∞ such that Lp(1 − s, χζχ
−1
1 χ2ω) has a zero
in Zp. Then ♯L(ρF ) =∞.
Corollary 1.7 will be proved in Section 3.4.
Remark 1.8. Mazur-Wiles [13, §9], Tilouine [21, Theorem 4.4] and Mazur-
Tilouine [14, §2, Corollary 6] give a list of cases where the condition (F) is
known to be true.
Outline. The outline of this paper is as follows. In Section 2, we recall known
results concerning the Bruhat-Tits tree of GL2, Hida deformation and Kubota-
Leopoldt p-adic L-function. These will be used frequently in Section 3. In
Section 3, first we determine the number of isomorphic classes of stable lattices
in a given p-adic representation by using the Bella¨ıche-Chenevier reducibility
ideal I (ρ). Then we give the proof of the main results. In Section 4, we give
two examples of Hida deformations associated to an I-adic normalized Hecke
eigen cusp form F ∈ Sord
(
ωk0−1, I
)
when (p, k0) = (691, 12) and (547, 486).
Acknowledgement. The author expresses his sincere gratitude to Professor
Tadashi Ochiai for his constant encouragement and spending a lot of time to
read the manuscript carefully and pointing out mistakes. Thanks are also due
to Kenji Sakugawa for reading the manuscript and correcting several mistakes.
2 The Bruhat-Tits Tree, Hida deformation and
p-adic L-function
2.1 The lattices and the Bruhat-Tits Tree
Let A be a commutative integral domain with field of fractionsK = Frac(A) and
V a n-dimensional K-vector space. We say an A-submodule T of V is a lattice
of V if there exist two free A-submodules L1, L2 of V such that L1 ⊂ T ⊂ L2
and rankAL1 = n. If A is Noetherian, we have that an A-submodule T of V is
a lattice of V if and only if T is finitely generated and T ⊗A K = V (see [6, VI
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I, 4.1, Corollary to Proposition 1]). Now we assume A = O which is the ring of
integers of a finite extension field of Qp with a fixed uniformizer ̟ of O. For a
given p-adic representation
ρ : G→ AutK(V )
of a compact groupG, we say that T is a G-stable lattice of V if T is a lattice and
ρ(G)T = T . This means that T is also an O[G]-module. Since G is compact,
there exists a G-stable lattice in V (see [18] pp.1-2). We denote by ρT the
representation
ρT : G→ AutO(T ) ∼= GLn(O)
and by ρ¯T the representation ρT mod ̟ as follows:
ρT mod ̟ : G
ρT
→ AutO(T )
mod ̟
−→ AutO/(̟) (T/̟T ) ∼= GLn (O/ (̟)) .
For stable lattices T and T ′, the representation ρ¯T , ρ¯T ′ can be non-isomorphic
to each other. However the semi-simplification ρ¯ssT of ρ¯T is isomorphic to ρ¯
ss
T ′ by
the Brauer-Nesbitt theorem. We denote by ρ¯ss the semi-simplification of ρ¯T .
Now following [17] and [4], we introduce the graph structure of lattices which
will be used to prove Proposition 3.4. From now on to the end of this section
we assume n = 2.
For a lattice T of V , we denote by [T ] = { xT | x ∈ K× } the equivalence
class up to homotheties. Let X be the set of all [T ] where T is a lattice. We
say that a point x′ in X is a neighbor of a point x ∈ X if x′ 6= x and there are
lattices T, T ′ of V such that x = [T ], x′ = [T ′] and ̟T ⊂ T ′ ⊂ T . In this way
one defines a combinatorial graph structure on X .
Theorem 2.1 ([17, Chapter II, Theorem 1]). The graph X is a tree.
Now we recall some basic notions on the tree X . Let x, x′ ∈ X . A path
without backtracking from x to x′, which is denoted by Pathx,x′ is a sequence
x = x0, x1, ..., xn = x
′ of points in X such that xi is a neighbor of xi+1 and
xi 6= xj if i 6= j. We define the integer n = d(x, x
′) ≥ 0 to be the distance
between x and x′. Let x = [T ] and we fix a positive integer n, then there is a
natural bijection between the set of the points x′ in X such that d (x, x′) = n and
the set of lattices ̟nT ⊂ T ′ ⊂ T such that T/T ′ ∼= O/ (̟)
n
as an O-module.
In a tree, we define the segment [x, x′] as
[x, x′] =
{
{x} (x = x′)
Pathx,x′ (x 6= x
′)
A subset C of X is called a convex if for every x, x′ ∈ C, the segment [x, x′] ⊂ C.
We denote by X (ρ) the set of X that are fixed by ρ(G). We summarize some
results on X (ρ):
Propostion 2.2.
(1) X (ρ) is a convex ([4, §3.1]).
(2) If x ∈ X (ρ), then x has no neighbor in X (ρ) if and only if ρx is irre-
ducible ([4, Proposition 11 (d)-(i)]).
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(3) If x ∈ X (ρ), then x has exactly one neighbor in X (ρ) if and only if ρx
is reducible but indecomposable ([4, Proposition 11 (d)-(ii)]).
(4) If x ∈ X (ρ), then x has exactly two neighbors in X (ρ) if and only if ρx
is decomposed into two distinct characters ([4, Proposition 11 (d)-(iii)]).
(5) ρ is irreducible if and only if X (ρ) is bounded ([4, Lemme 10]).
(6) Assume that ρ is irreducible and ρ¯ss ∼= ψ1 ⊕ ψ2 of characters ψ1, ψ2 :
G→ (O/ (̟))
×
with ψ1 6= ψ2. Then X (ρ) is a segment.
The assertion (6) easily follows from the assertions (1), (4) and (5) (cf. [2]
the arguments before §1.3 in page 7).
2.2 I-adic forms and Galois representations
In this section, we review some fundamental results on I-adic cusp forms and
their Galois representations. For more detail on this theory, the reader can refer
to Chapter 7 of [9].
Recall that I is an integrally closed local domain which is finite flat over
Λχ = Zp[χ][[X ]], where χ is a primitive Dirichlet character modulo Np. We
denote by XΛχ and XI the sets of homomorphisms defined as follows:
XΛχ =
{
νk,ζ : Λχ → Qp | νk,ζ(1 +X) = ζu
k−2, (k, ζ) ∈ Z≥2 × µp∞
}
,
XI =
{
ϕ : I→ Qp | ϕ |Λχ= νkϕ,ζϕ , νkϕ,ζϕ ∈ XΛχ
}
.
If ζ ∈ µpr (r ≥ 0) is a primitive p
r-th root of unity, let
χζ :
(
Z/pr+1Z
)×
→ Q
×
p , u mod p
r+1 7→ ζ
be the character associated to ζ.
Definition 2.3. We call F =
∞∑
n=1
c(n,F )qn ∈ I[[q]] an I-adic form (resp. I-adic
normalized Hecke eigen cusp form) with Dirichlet character χ if for each ϕ ∈ XI
with ϕ |Λχ= νkϕ,ζϕ such that ζϕ is a primitive p
rϕ-th root of unity,
fϕ :=
∞∑
n=1
ϕ(c(n,F ))qn ∈ Skϕ(Γ0(Np
rϕ+1), χζϕχω
1−kϕ , ϕ(I))
is the q-expansion of a p-ordinary cusp form (resp. p-ordinary normalized Hecke
eigen cusp form).
We also denote by ϕ (F ) the above cusp form fϕ. Recall that S
ord (χ, I) is
the space of I-adic forms with Dirichlet character χ.
Theorem 2.4 (Hida [9, §7.4, Theorem 7]). Let ζ ∈ µpr (r ≥ 0) be a primitive
pr-th root of unity and χζ the character associated to ζ. Let
f ∈ Sk
(
Γ0
(
Npr+1
)
, χζχω
1−k,Q
)
7
be a p-ordinary normalized Hecke eigen cusp form of weight k ≥ 1. Then there
exist an integrally closed local domain I which is finite flat over Λχ, an I-adic
normalized Hecke eigen cusp form F ∈ Sord (χ, I) and a ϕ ∈ XI such that
ϕ(F ) = f .
Definition 2.5. A Galois representation ρ : Gal(Q/Q) −→ GL2(Frac(I))
is continuous if there exists a lattice T ⊂ Frac(I)⊕2 which is stable under
Gal(Q/Q)-action such that ρ : Gal(Q/Q) −→ AutI(T ) is continuous with re-
spect to the topology of T defined by m the maximal ideal of I.
Hida associates a continuous Galois representation over Frac(I) to an I-adic
normalized Hecke eigen cusp form F as follows:
Theorem 2.6 (Hida [8, Theorem 2.1]). There exists a continuous irreducible
representation ρF : Gal(Q/Q) −→ GL2(Frac(I)) with the following properties:
1. ρF is unramified outside Np.
2. For the geometric Frobenius element Frobl at l ∤ Np, we have:
trρF (Frobl) = c(l,F ),
detρF (Frobl) = χ(l) (u (1 +X))
sl ,
where d = ω(d)(1 + p)sd under the isomorphism Z×p
∼= µp−1 × (1 + pZp).
We have the following local property due to Mazur and Wiles:
Theorem 2.7 (Wiles [23, Theorem 2.2.2]). With the same notations as above,
the restriction of ρF to the decomposition group Dp = Gal
(
Qp/Qp
)
is given
up to equivalence by
ρF |Dp∼
(
ε1 0
∗ ε2
)
with ε1 unramified and ε1(Frobp) = c(p,F ).
Definition 2.8. For a prime ideal P of I, a Galois representation
ρF (P) : Gal
(
Q/Q
)
→ GL2 (Frac (I/P))
is called a residual representation of ρF modulo P if ρF (P) is semi-simple,
continuous under the m-adic topology of Frac (I/P) and satisfies the following
properties:
1. ρF (P) is unramified outside Np.
2. For the geometric Frobenius element Frobl at l ∤ Np,
trρF (P)(Frobl) = c(l,F ) mod P ,
detρF (P)(Frobl) = χ(l) (u (1 +X))
sl mod P .
Although ρF may not have Gal(Q/Q)-stable lattice which is isomorphic to
I⊕2, the following fact is well-known (see [9, §7.5, Corollary 1] for example).
Propostion 2.9. For every prime ideal P , the residual representation ρF (P)
exists and is unique up to isomorphism over an algebraic closure of Frac(I/P).
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2.3 Kubota-Leopoldt p-adic L-function
Now we recall some facts about the Kubota-Leopoldt p-adic L-function. Let ψ
be an arbitrary Dirichlet character. Kubota-Leopoldt (see [10, §3, Theorem 2])
showed that there exists a p-adic continuous function Lp(s, ψ) for s ∈ Zp − {1}
(also continuous at s = 1 if ψ is non-trivial) with the following interpolate
property for k ≥ 1:
Lp(1 − k, ψ) = (1 − ψω
−k(p)pk−1)L(1− k, ψω−k).
Set
Hψ(X) =
{
ψ(u)(1 +X)− 1 if ψ factors through Gal (Q∞/Q) .
1 otherwise.
Iwasawa [10, §6] showed that there exists a unique power series Gψ(X) ∈
Zp[ψ][[X ]] such that
(i) Lp(1 − s, ψ) = Gψ(u
s − 1)/Hψ(u
s − 1),
(ii) if ρ factors through Gal (Q∞/Q), then Gψρ(X) = Gψ(ρ(u)(1 +X)− 1).
We define
Gˆψ(X) = Gψω(u
2(1 +X)− 1),
Hˆψ(X) = Hψω(u
2(1 +X)− 1)
for later reference.
3 Proof of Theorem 1.5 and its corollaries
3.1 Calculation of ♯L(ρ) by means of I(ρ)
For a given p-adic representation ρ, recall that L(ρ) is the set of the isomorphic
classes of stable lattices of ρ. First we determine ♯L(ρ) in this section. The
following lemma is proved by Bella¨ıche-Chenevier [3].
Lemma 3.1 (Bella¨ıche-Chenevier [3, Lemme 1]). Let (A,m, k) be a complete
local domain such that char(k) 6= 2, where m is the maximal ideal of A and k
the residue field A/m. Let ρ : G→ GL2(Frac(A)) be a linear representation of a
groupG satisfying trρ(G) ⊂ A and trρmod m = ψ1+ψ2, ψ1 6= ψ2, where ψ1, ψ2 :
G → k× are characters. Let g0 ∈ G be an element satisfying ψ1(g0) 6= ψ2(g0)
and λ1, λ2 ∈ A the roots of the characteristic polynomial of ρ(g0). Choose a
basis {e1, e2} of the representation ρ such that ρ(g0)ei = λiei (i = 1, 2). Write
ρ(g) =
(
a(g) b(g)
c(g) d(g)
)
for any g ∈ G.
Let I ( A be an ideal such that there exist two characters ϑ1, ϑ2 : G →
(A/I)× such that
trρ(g) mod I = ϑ1(g) + ϑ2(g)
for any g ∈ G. Assume ϑ1 mod m = ψ1, ϑ2 mod m = ψ2 without loss of
generality. Then for any g, g′ ∈ G, we have a(g), d(g) ∈ A, a(g) mod I =
ϑ1(g), d(g) mod I = ϑ2(g), and b(g)c(g
′) ∈ I.
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Remark 3.2. If char(k) = 2, the statement holds assuming an extra condition
on the determinate (cf. [3, Lemme 1]).
Definition 3.3. Let (A,m, k) be a complete local domain such that char(k) 6= 2,
where m is the maximal ideal of A and k the residue field. Let ρ : G →
GL2(Frac(A)) be a linear representation of a group G satisfying trρ(G) ⊂ A
and trρ mod m = ψ1 + ψ2, ψ1 6= ψ2, where ψ1, ψ2 : G→ k
× are characters. For
any g ∈ G, write ρ(g) =
(
a(g) b(g)
c(g) d(g)
)
with respect to the basis taken as in
Lemma 3.1. We define I(ρ) the ideal of A which is generated by b(g)c(g′) for
all g, g′ ∈ G.
The ideal I(ρ) is well-defined by Lemma 3.1. Under the above preparation,
we are ready to determine ♯L(ρ) of a p-adic representation ρ.
Propostion 3.4. Let (O, ̟,O/ (̟)) be the ring of integers of a finite exten-
sion of Qp, where ̟ is a fixed uniformizer of O. Let V be a vector space of
dimension 2 over K = Frac(O) and ρ : G→ AutK(V ) a continuous irreducible
representation of a compact group G.
Assume that
trρ mod ̟ = ψ1 + ψ2, ψ1 6= ψ2,
where ψ1, ψ2 : G→ (O/̟)
× are characters. Then we have
ord̟I(ρ) + 1 = ♯X (ρ) = ♯L(ρ).
This proposition is a special case of Bella¨ıche-Graftieaux [5, The´ore`me 4.1.3]
(see also the remark immediately after it), but we give the proof here for self-
containing.
Proof. We first show ord̟I(ρ) + 1 = ♯X (ρ). Fix a g0 ∈ G such that ψ1(g0) 6=
ψ2(g0). The characteristic polynomial of ρ(g0)
X2 − trρ(g0)X + detρ(g0)
has roots λ1 6= λ2 in A such that λi mod ̟ = ψi(g0)(i = 1, 2) by Hensel’s
lemma. Choose a basis {e1, e2} of the representation ρ such that ρ(g0)ei =
λiei (i = 1, 2). Write ρ(g) =
(
a(g) b(g)
c(g) d(g)
)
for all g ∈ G. Let B be the module
of O generated by b(g) for all g ∈ G. Since ρ is irreducible, we have B 6= (0).
Since ρ is continuous and G is compact, there exists a stable lattice. This implies
B = (̟)r for an integer r.
If we replace ρ by
(
1 0
0 ̟r
)
ρ
(
1 0
0 ̟r
)−1
and we denote by the same symbol
ρ for this new representation. Then we have the following properties for the new
ρ:
(1) ρ takes values in GL2(O) by Lemma 3.1.
(2) ρ(g0) =
(
λ1 0
0 λ2
)
.
(3) For any g ∈ G, write ρ(g) =
(
a(g) b(g)
c(g) d(g)
)
. There exists a h ∈ G such
that ̟ ∤ b(h).
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We denote by the same symbol B (resp. C) the ideal of O which is generated
by new b(g) (resp. new c(g)) for all g ∈ G. Since BC = I(ρ) by Lemma 3.1 and
B = O by (1), we must have C = I(ρ) = (̟)n for a positive integer n. This
also means that we have chosen a stable lattice T such that
ρ = ρT : G→ GL2(O)
and T/̟T is not semi-simple. By reduction mod (̟)i (i = 1, 2, . . . , n), we
obtain the G-stable lattices T1, · · · , Tn such that [Ti] 6= [Tj] if i 6= j. Then
n+ 1 = ord̟I(ρ) + 1 ≤ ♯X (ρ).
Let ♯X (ρ) = m+1. We have X (ρ) is a segment [x, xm] by (6) of Proposition
2.2. Let T, Tm be the representatives of x, xm such that Tm ⊂ T and T/Tm ∼=
O/ (̟)
m
as an O-module. Hence there exists a basis of T such that ρT : G →
GL2(O), g 7→
(
a(g) b(g)
c(g) d(g)
)
satisfies ̟m | c(g) for any g ∈ G. Then
a mod ̟m : G→ (O/ (̟)
m
)
×
, g 7→ a(g) mod ̟m
and
d mod ̟m : G→ (O/ (̟)
m
)
×
, g 7→ d(g) mod ̟m
are two characters. Thus I (ρ) ⊂ (̟)
m
by Lemma 3.1 and ♯X (ρ) ≤ ord̟I(ρ)+1.
Next we prove ♯X (ρ) = ♯L(ρ). Suppose ♯X (ρ) = n + 1. Since X (ρ) is
a segment, by Section 2.1 there exist T0, T1, . . . , Tn the representatives of the
points in X (ρ) such that
(i) [Ti] is a neighbor of [Ti−1] and T0/Ti ∼= O/ (̟)
i
as an O-module for
i = 1, · · · , n.
(ii) T0, Tn are mod ̟ not semi-simple lattices and the others are not.
Thus it is sufficient to show that for i 6= j, Ti and Tj are non-isomorphic to each
other as O[G]-modules.
1. Suppose we have f : T0
∼
→ Tn as O[G]-modules. Then ̟Tn ⊂ f (T1) ⊂
Tn since [T1] is a neighbor of [T0]. Since Tn is a mod ̟ not semi-simple
lattice, we have f (T1) = ̟Tn−1 by (3) of Proposition 2.2. Hence
T1/̟T0 ∼= ̟Tn−1/̟Tn ∼= O/ (̟) [ψ1] (resp. O/ (̟) [ψ2])
as an O[G]-module. Thus there is no mod ̟ not semi-simple stable lattice
T such that T/̟T has a submodule which is isomorphic to O/ (̟) [ψ2]
(resp. O/ (̟) [ψ1]). This contradicts to the Ribet’s lemma (Proposition
1.2).
2. Suppose we have f : Ti
∼
→ Tj as O[G]-modules for some 0 < i < j < n.
Since T0 is a mod ̟ not semi-simple lattice and T0, Tn are non-isomorphic
as O[G]-modules, we have f
(
̟iT0
)
= ̟lT0. Hence
O/ (̟)
i ∼= T0/Ti ∼= T0/̟
i−lTj
as an O-module. This implies d ([T0], [Tj]) = i. On the other hand, [T0] is
an edge of the segment X (ρ), there exists an unique point y ∈ X (ρ) such
that d ([T0], y) = i. This contradicts to i 6= j.
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Now we give an example by using Proposition 3.4 to determine ♯L(ρf ), where
ρf is the Galois representation attached to a normalized Hecke eigen cusp form
f . Let ∆ ∈ S12(SL2(Z)) be the Ramanujan’s cusp form, whose q-expansion is
equal to q
∞∏
n=1
(1− qn)24 =
∞∑
n=1
τ(n)qn and
ρ∆ : Gal
(
Q/Q
)
→ GL2(Qp)
the Galois representation attached to ∆.
Propostion 3.5. The ideal I(ρ∆) ⊂ Zp defined as in Definition 3.3 is the
minimal ideal such that there exists an integer a ∈ Z such that for any prime
l 6= p,
τ(l) ≡ la + l11−a mod I(ρ∆).
Proof. We denote by Q{p,∞} be the maximal Galois extension of Q which is
unramified outside { p,∞} and by G{p,∞} = Gal
(
Q{p,∞}/Q
)
. Since ρ∆ is
unramified outside { p,∞}, ρ∆ must factor through G{p,∞}.
Let ϑ1, ϑ2 : G{p,∞} → (Zp/I(ρ∆))
×be the character such that
trρ mod I(ρ∆) = ϑ1 + ϑ2.
Since ρ∆ is unramified outside p, ϑ1 and ϑ2 must factor through Gal (Q (µp∞) /Q)
by class field theory. Thus ϑ1 and ϑ2 must be power of mod I(ρ∆) p-adic cy-
clotomic character χcyc mod I (ρ∆). For the geometric Frobenius element Frobl
with prime l 6= p, we have χcyc(Frobl) = l and det(Frobl) = l
11. Thus the
proposition follows by the Chebotarev’s density theorem.
Serre and Swinnerton-Dyer showed that ρ¯∆ is reducible if and only if p =
2, 3, 5, 7 and 691 (see [19, Corollary to Theorem 4]). [20] also showed the con-
gruence mod pn for p = 3, 5, 7 and 691 (see [20], page 77 for p = 691, Theorem
4 for p = 5, 7 and the table after Theorem 6 for p = 3). Then combined with
our arguments, we have the following table for odd primes.
p 3 5 7 691
♯L(ρ∆) 7 4 2 2
3.2 The relation between I(ρF ) and the Iwasawa power
series
Let us take an I-adic normalized Hecke eigen cusp formF . Let the notations and
the assumptions be as in Theorem 1.5. We denote by γ a topological generator of
Gal (Q∞/Q) such that κcyc(γ) = u and by κ the universal cyclotomic character
as follows:
κ : Gal
(
Q/Q
)
։ Gal (Q∞/Q)
∼
→ 1 + pZp →֒ Λ
×
χ ,
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where 1 + pZp →֒ Λ
×
χ is the homomorphism defined by sending u to 1 + X .
Write η = detρF for short. By Theorem 2.7, we have
ρF |Dp∼
(
ε1 0
∗ ε2
)
,
with ε1 unramified. Recall that ρF (m) ∼= χ1 ⊕ χ2. Then for any g ∈ Dp,
{ ε1(g), ε2(g) } and {χ1(g), χ2(g) } are the set of the roots of the mod m char-
acteristic polynomial of ρF (g): X
2− trρF (g)X +detρF (g) mod m, hence they
must be coincide. Thus ε1 = χ1 |Dp and ε2 = χ2 |Dp under the assumption that
χ1 (resp. χ2) is unramified (resp. ramified). We denote by Ip the inertia group
of p and we choose a g0 ∈ Ip such that χ1(g0) 6= χ2(g0).
Let {e1, e2} be a basis of Frac (I)
⊕2
such that
ρF (g0) =
(
1 0
0 ε2(g0)
)
, ρF |Dp=
(
ε1 0
∗ ε2
)
. (1)
Write ρF (g) =
(
a(g) b(g)
c(g) d(g)
)
for any g ∈ Gal(Q/Q). We have a(g), d(g) and
b(g)c(g′) ∈ I for any g, g′ ∈ Gal(Q/Q) by Lemma 3.1. Recall that I(ρF ) is
the ideal of I generated by b(g)c(g′) for all g, g′ ∈ Gal(Q/Q). Since ρF (m) is
reducible, we have I (ρF ) ⊂ m by Lemma 3.1.
Lemma 3.6. Let us take the basis of Frac(I)⊕2 to be the same as the beginning
of this section. For any ϕ ∈ XI, let ̟ϕ be a fixed uniformizer of ϕ(I). Then
ord̟ϕ(ϕ(I(ρF ))) + 1 = ♯L(ρfϕ ).
Proof. For any ϕ ∈ XI, we denote by P = Ker ϕ and by IP the localization of I
at P . Then IP is a discrete valuation ring with θ a fixed uniformizer of IP . For
the Galois representation
ρP : Gal
(
Q/Q
) ρF
→ GL2(Frac(I)) = GL2(Frac(IP ),
let B be the IP -submodule of Frac(IP ) generated by b(g) for all g ∈ Gal
(
Q/Q
)
.
Since ρF is irreducible, B 6= (0). Since ρF is continuous, by Definition 2.5 there
exists a lattice T ⊂ Frac(I)⊕2 which is stable under Gal(Q/Q)-action. Then
TP = T ⊗I IP is a stable lattice of ρP and Im ρP is bounded. This implies
B = (θ)n for an integer n.
We replace ρP by
(
1 0
0 θn
)
ρP
(
1 0
0 θn
)−1
and we denote by the same
symbol ρP for this new Galois representation. Then Im ρP ⊂ GL2 (IP) for
new ρP . We also denote by the same symbol a(g), b(g), c(g), d(g) such that
ρP(g) =
(
a(g) b(g)
c(g) d(g)
)
for all g ∈ Gal
(
Q/Q
)
.
We denote by ρϕ the Galois representation
ρϕ : Gal(Q/Q)
ρP
→ GL2(IP )։ GL2(ϕ(IP )), g 7→
(
aϕ(g) bϕ(g)
cϕ(g) dϕ(g)
)
and by ρfϕ the Galois representation associated to fϕ. Since trρϕ (Frobl) =
trρfϕ (Frobl) and detρϕ (Frobl) = detρfϕ (Frobl) for all primes l ∤ Np, we have
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ρssϕ
∼= ρssfϕ by the Chebotarev density theorem. Since ρfϕ is irreducible, so is
ρϕ. Thus ρϕ ∼= ρfϕ . Since aϕ(g) = ϕ(a(g)), dϕ(g) = ϕ(d(g)), bϕ(g)cϕ(g) =
ϕ(b(g)c(g)) and aϕ(g0) 6≡ dϕ(g0) (mod ̟ϕ), we have I
(
ρfϕ
)
= ϕ (I (ρF )) by
the definition of I
(
ρfϕ
)
. Thus the statement follows from Proposition 3.4.
Lemma 3.7. Let us take the basis of Frac(I)⊕2 to be the same as the beginning
of this section and let η1 = χ1, η2 = χ2κcycκ. Let J be the ideal of I generated
by trρF (g)− η1(g)− η2(g) for all g ∈ Gal
(
Q/Q
)
and J ′ the ideal generated by
a(g)− η1(g) for all g ∈ Gal
(
Q/Q
)
. Then we have the following statements:
(1) I(ρF ) = J = J
′.
(2) Suppose N = 1. Then ρF (m) ∼= 1⊕χ, where 1 is the trivial character.
Proof. We first show J = J ′. Since trρF ≡ η1+η2 mod J , a(g) ≡ η1(g) mod J or
a(g) ≡ η2(g) mod J for all g ∈ Gal
(
Q/Q
)
by Lemma 3.1. Since the character
a mod m = χ1 is unramified at p, we have a(g) ≡ η1(g) mod J for all g ∈
Gal
(
Q/Q
)
. This implies J ′ ⊂ J . We also have J ⊂ J ′ since
trρF (g)− η1(g)− η2(g) = (a(g)− η1(g)) + (a(g
−1)− η1(g
−1))η1η2(g) ∈ J
′.
Now we prove I(ρF ) = J
′. We have b(g)c(g′) ∈ J for any g, g′ ∈ Gal(Q/Q)
by Lemma 3.1 hence I(ρF ) ⊂ J = J
′. Let K be the abelian extension of Q
corresponding to
Ker
[
a mod I (ρF ) : Gal(Q/Q) −→ (I/I(ρF ))
× , g 7→ a(g) mod I(ρF )
]
.
We denote by a˜ : Gal (K/Q) →֒ (I/I(ρF ))
× the induced homomorphism. For all
g ∈ Gal
(
Q/Q
)
, we denote by g the image of g under Gal
(
Q/Q
)
։ Gal (K/Q).
Write a(g) = η1(g) (1 +m(g)) where m(g) ∈ m. Then a˜(g) = η1(g) mod I(ρF ) ·
(1 +m(g)) mod I(ρF ). Note that a mod I (ρF ) is unramified outside N by
the equation (1), hence K is a subfield of Q(µN ) by class field theory. On the
other hand, the kernel of the map (I/I(ρF ))
× → (I/m)× is a pro-p group, thus
(1 +m(g)) mod I(ρF ) must be trivial under the assumption p ∤ φ(N). This
implies η1(g) ≡ a(g) mod I(ρF ), hence J
′ ⊂ I(ρF ). Specially when N = 1,
we have that a mod I (ρF ) is an unramified character. Thus a mod I (ρF ) is
trivial by class field theory.
Lemma 3.7 tells us that I(ρF ) is a closed ideal in I under the m-adic topology.
Propostion 3.8. Let us take the basis of Frac(I)⊕2 to be the same as at
the beginning of this section. Let L∞, L∞ (Np) be the maximal unramified
abelian p-extension of Q (µNp∞) and the maximal abelian p-extension unrami-
fied outside Np of Q (µNp∞). We denote by X∞ = Gal (L∞/Q (µNp∞)) and by
Y∞ = Gal (L∞ (Np) /Q (µNp∞)) on which ∆Np = Gal (Q (µNp∞) /Q∞) acts by
conjugation. Then we have the following statements:
(1) Gˆχ−11 χ2
(X)I ⊂ I(ρF ).
(2) Suppose the Λχ1χ−12
-modules X
χ1χ
−1
2
∞ and Y
χ−11 χ2
∞ are cyclic. Then
I (ρF ) is principal.
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Proof. Recall that κ is the character Gal
(
Q/Q
)
։ Gal (Q∞/Q)
∼
→ 1+ pZp →֒
Λ×χ . Let η1 = χ1 and η2 = χ2κcycκ. We have that η1(g) ≡ a(g) mod I(ρF ) and
η2(g) ≡ d(g) mod I(ρF ) for all g ∈ Gal
(
Q/Q
)
by Lemma 3.1 and Lemma 3.7.
We prove the proposition by using Wiles’ construction (cf. [24, Section 6]) of
an uramified extension N∞ of Q(µNp∞).
Let B (resp. C) be an I-submodule of Frac(I) generated by b(g) (resp.
c(g)) for all g ∈ Gal
(
Q/Q
)
. Since c(g)B and b(g)C are ideals of I for all
g ∈ Gal
(
Q/Q
)
by Lemma 3.1, B and C are finitely generated. We denote by b
the function
b : Gal
(
Q/Q
)
→ B, g 7→ b(g)
and we endow B with the m-adic topology.
Claim 1. b is continuous.
Proof. Since ρF is continuous, by Definition 2.5 there exists a lattice T ⊂
Frac(I)⊕2 which is stable under Gal(Q/Q)-action such that ρF : Gal(Q/Q) −→
AutI(T ) is continuous with respect to the m-adic topology of AutI(T ). We
denote by Vi = Frac(I)ei and by Ti = T ∩ Vi (i = 1, 2) . Then ρF (Ti) ⊂ T . For
any xe1 ∈ T1 and ye2 ∈ T2, we have
ρF (g) (xe1) = a (g)xe1 + c (g)xe2,
ρF (g) (ye2) = b (g) ye1 + d (g) ye2.
Since a (g) ∈ I by Lemma 3.1, a (g)xe1 ∈ T ∩ V1 = T1 and c (g)xe2 =
ρF (g) (xe1) − a (g)xe1 ∈ T ∩ V2 = T2. We also have b (g) ye1 ∈ T1 by the
same argument. This implies that T1 ⊕ T2 is also a stable lattice of Frac (I)
⊕2.
We replace T with T1 ⊕ T2. The representation ρF : Gal(Q/Q) −→ AutI(T ) is
also continuous by the Artin-Rees lemma. We may regard B as an I-submodule
of HomI(T2, T1) via the injective homomorphism as follows:
B →֒ HomI (T2, T1) , b(g) 7→ b(g)(ye2) = b(g) · ye1
for all ye2 ∈ T2. Then b is the following map:
Gal
(
Q/Q
) ρF
→ AutI (T )→ HomI(T2, T1).
The homomorphism AutI(T ) → HomI(T2, T1) is continuous under the m-adic
topology, hence b is continuous.
Define b the following homomorphism:
b : Gal
(
Q/Q (µNp∞)
) b
→ B ։ B/I(ρF )B.
Let N∞ be the abelian extension of Q (µNp∞) corresponding to Ker b and we
denote by the same symbol b
b : G = Gal (N∞/Q (µNp∞)) →֒ B/I(ρF )B. (2)
For any h ∈ Gal
(
Q/Q
)
and g ∈ Gal
(
Q/Q (µNp∞)
)
, a matrix calculation shows
that
b(hgh−1) = η1η
−1
2 (h)b(g).
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Let γ˜ be a topological generator of Gal (Q (µNp∞) /Q (µNp)) which is sent to
γ under the canonical isomorphism Gal (Q (µNp∞) /Q (µNp)) → Gal (Q∞/Q).
The above arguments tell us that b (G) is a Λχ1χ−12
= Zp[χ1χ
−1
2 ][[X ]]-module
under the surjection
Zp[[Gal (Q (µNp∞) /Q)]]
η1η
−1
2−→ Λχ1χ−12
, u−1γ˜−1 7→ 1 +X
and Gal (Q(µNp∞)/Q∞) acts on b (G) via χ1χ
−1
2 .
Claim 2. The canonical homomorphism b (G) ⊗Λ
χ1χ
−1
2
I → B/I(ρF )B is an
isomorphism.
Proof. The injectivity follows from the assumption that I is flat over Λχ1χ−12
by applying the base extension ⊗Λ
χ1χ
−1
2
I to the equation (2). For any g ∈
Gal
(
Q/Q
)
, consider the commutator [g, g0] ∈ Gal
(
Q/Q (µN∞p∞)
)
we have
b([g, g0]) =
λ− 1
λ
η2(g)
−1b(g),
where λ = ε2(g0). Since λ 6≡ 1 mod m, we have b ([g, g0]) ⊗ η2(g)
λ
λ− 1
∈
b (G)⊗Λ
χ1χ
−1
2
I. This completes the proof of Claim 2.
N∞/Q(µNp∞) is unramified at p by the equation (1). Since the conductor
of χ1χ
−1
2 is Np under the condition (D), N∞/Q(µNp∞) is also unramified at
the primes dividing N by class field theory (see the proof of [24, Lemma 6.1]).
Thus N∞/Q(µNp∞) is everywhere unramified.
We fix the Iwasawa-Serre isomorphism as follows:
Zp[χ1χ
−1
2 ][[Gal (Q (µNp∞) /Q (µNp))]]
∼
→ Λχ1χ−12
, γ˜ 7→ u−1(1 +X)−1. (3)
Then we have the following I-homomorphisms:
Xχ1χ
−1
2
∞ ⊗Λ
χ1χ
−1
2
I։ b (G)⊗Λ
χ1χ
−1
2
I
∼
→ B/I(ρF )B. (4)
By taking the Fitting ideal, we have the inclusion relation as follows:
FittΛ
χ1χ
−1
2
(Xχ1χ
−1
2
∞ )I = FittI(X
χ1χ
−1
2
∞ ⊗Λ
χ1χ
−1
2
I) ⊂ FittI(B/I(ρF )B) ⊂ I(ρF ).
By the Iwasawa main conjecture (Theorem of Mazur-Wiles) we have
FittΛ
χ1χ
−1
2
(Xχ1χ
−1
2
∞ ) = Gχ−11 χ2ω
(u2(1 +X)− 1)Λχ1χ−12
= Gˆχ−11 χ2
(X)Λχ1χ−12
.
Thus Gˆχ−11 χ2
(X)I ⊂ I(ρF ). This completes the proof of (1) of the proposition.
Similarly, we denote by M∞ (Np) the abelian extension of Q (µNp∞) corre-
sponding to
Ker
(
c : Gal
(
Q/Q (µNp∞)
)
→ C/I (ρF )C, g 7→ c(g)
)
and by H = Gal (M∞ (Np) /Q (µNp∞)). Then c (H) is a Λχ−11 χ2
-module under
the surjection
16
Zp[[Gal (Q (µNp∞) /Q)]]
η−11 η2−→ Λχ1χ−12
, u−1γ˜ 7→ 1 +X
and the map c (H)⊗Λ
χ
−1
1
χ2
I→ C/I(ρF )C induced by c is an isomorphism by
the same arguments as in Claim 2. Hence we have the surjective homomorphism
as follows:
Y χ
−1
1 χ2
∞ ⊗Λ
χ
−1
1
χ2
I։ C/I(ρF )C. (5)
Note that in the equation (5), we endowed Y
χ−11 χ2
∞ with the Λχ1χ−12
-module
structure under the isomorphism as follows:
Zp[χ
−1
1 χ2][[Gal (Q (µNp∞) /Q (µNp))]]
∼
→ Λχ−11 χ2
, γ˜ 7→ u(1 +X).
By the equations (4) and (5), there exists a gB ∈ X∞ (resp. gC ∈ Y∞) such
that B/I(ρF )B (resp. C/I(ρF )C) is generated by b(gB) (resp. c(gC)). By
Nakayama’s lemma, B (resp. C) is generated by b(gB) (resp. c(gC)) over I.
This implies I (ρF ) = BC = (b (gB) c (gC)).
Define the Eisenstein ideal I(χ, I) the ideal of T(χ, I) which is generated by
T (l)− 1− η(Frobl) for all primes l 6= p and T (p)− 1.
Corollary 3.9. Let the assumptions and the notations be as in Theorem 1.5.
Assume the condition (R). We have I (ρF ) = Gˆχ (X) I.
Proof. Since T(χ, I) = T(χ,Λχ) ⊗Λχ I, T(χ, I) is isomorphic to I by the as-
sumption (R). Since N = 1, I (ρF ) is generated by c(l,F ) − 1 − η(Frobl) for
all primes l 6= p by Lemma 3.7 and the Chebotarev density theorem. We also
have c(p,F ) − 1 = ε1(Frobp)− 1 = a(Frobp)− 1 ∈ I (ρF ) by Theorem 2.7 and
Lemma 3.7. Thus the canonical isomorphism I → T(χ, I) sends I (ρF ) to the
Eisenstein ideal I(χ, I). On the other hand, the canonical homomorphism
I/Gˆχ(X)I→ T(χ, I)/
(
I(χ, I), Gˆχ(X)
)
is an isomorphism by [24, Theorem 4.1]. This implies I (ρF ) ⊂ Gˆχ (X) I. Hence
they must be coincide by Proposition 3.8.
The next corollary is obviously deduced from (2) of Proposition 3.8.
Corollary 3.10. Let the assumptions and the notations be as in Theorem 1.5.
Assume the conditions (C) and (P). We have I (ρF ) = Gˆχ (X) I.
Now we prove Theorem 1.5.
Proof of Theorem 1.5. For any ϕ ∈ XI, let ̟ϕ be a fixed uniformizer of ϕ(I).
Then
ord̟ϕ(ϕ (I (ρF )) ≤ ord̟ϕ
(
Gˆχ−11 χ2
(ζϕu
kϕ−2 − 1)
)
by (1) of Proposition 3.8. Since χ1 6= χ2ω, the character χζϕχ
−1
1 χ2ω does not
factor through Gal (Q∞/Q). Thus
Lp(1− kϕ, χζϕχ
−1
1 χ2ω) = Gˆχ−11 χ2
(ζϕu
kϕ−2 − 1)
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by Section 2.3. Combine Proposition 3.4 and Lemma 3.6 we have
ord̟ϕ(ϕ (I (ρF ))) + 1 = ♯L(ρfϕ ),
then
♯L(ρfϕ ) ≤ ord̟ϕ
(
Lp(1− kϕ, χζϕχ
−1
1 χ2ω)
)
+ 1.
If we assume the condition (R) or both of the conditions (C) and (P), we
have I (ρF ) = Gˆχ−11 χ2
(X) I by Corollary 3.9 and Corollary 3.10. Then
♯L(ρfϕ ) = ord̟ϕ
(
Lp(1− kϕ, χζϕχ
−1
1 χ2ω)
)
+ 1.
Specially when (R) satisfied, χ1 = 1 and χ2 = χ by Lemma 3.7. This completes
the proof of Theorem 1.5.
3.3 Discussion of the variation of ♯L
(
ρfϕ
)
by means of Lp
We use the following lemma to prove Corollary 1.6.
Lemma 3.11. Let O be the ring of integers of a finite extension of Qp and
F (X) ∈ O[X ] a distinguished polynomial. Then there exists an integer r ∈ Z≥0
such that for any (k, ζ) ∈ Z≥0 × (µp∞ \ µpr ),
ordp
(
F
(
ζuk − 1
))
=
degF (X)
(p− 1) prζ−1
,
where ζ is a primitive prζ -th root of unity.
Proof. Decompose
F (X) =
n∏
i=1
(X − αi)
and choose an integer r ≥ 0 such that ordp(αi) >
1
(p− 1)pr−1
for any αi. Then
for any (k, ζ) ∈ Z≥0 × (µp∞ \ µpr ), we have
ordp(ζu
k − 1− αi) = ordp (ζ (exp (k · log(u))− 1) + (ζ − 1)− αi)
=
1
(p− 1)prζ−1
,
where exp and log are the p-adic exponential and logarithm functions. Thus
ordp
(
F
(
ζuk − 1
))
=
n∑
i=1
ordp(ζu
k − 1− αi) =
degF (X)
(p− 1) prζ−1
.
Let us return to the proof of Corollary 1.6.
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Proof of Corollary 1.6. For (1) it is sufficient to show that there exists an
r ∈ Z≥0 such that for any ϕ ∈ X
(r)
I
,
ord̟ϕ(Lp(1 − kϕ, χζϕχ
−1
1 χ2ω)) ≤ rankΛχI · degGˆ
∗
χ−11 χ2
(X).
Since Gˆχ−11 χ2
(X) is not divisible by a uniformizer of Zp[χ
−1
1 χ2] by the Ferrero-
Washington’s theorem [7], the Weierstrass preparation theorem enables one to
decompose
Gˆχ−11 χ2
(X) = Gˆ∗
χ−11 χ2
(X)U(X),
where Gˆ∗
χ−11 χ2
(X) is a distinguished polynomial and U(X) a unit in Λχ−11 χ2
. We
apply Lemma 3.11 to Gˆ∗
χ−11 χ2
(X) . Then there exists an r ∈ Z≥0 such that for
any ϕ ∈ X
(r)
I
,
ordp
(
ϕ
(
Gˆ∗
χ−11 χ2
(X)
))
=
degGˆ∗
χ−11 χ2
(X)
(p− 1) prϕ−1
, (6)
where ϕ |Λχ= νkϕ,ζϕ and ζϕ is a primitive p
rϕ-th root of unity such that rϕ > r.
Let us take a ϕ ∈ X
(r)
I
. For the extension of the discrete valuation rings
ϕ(I) ⊃ Zp[χ][ζϕ], since [Frac(ϕ(I)) : Frac(Zp[χ][ζϕ])] ≤ rankΛχI, so is the
ramification index eϕ. Since rϕ > 0, the ramification index in the extension
Zp[χ][ζϕ] ⊃ Zp is (p− 1) p
rϕ−1. Then by the equation (6), we have
ord̟ϕ(Lp(1− kϕ, χζϕχ
−1
1 χ2ω)) = ord̟ϕ
(
ϕ
(
Gˆ∗
χ−11 χ2
(X)
))
= eϕ(p− 1)p
rϕ−1
degGˆ∗
χ−11 χ2
(X)
(p− 1) prϕ−1
= eϕdegGˆ
∗
χ−11 χ2
(X)
≤ rankΛχI · degGˆ
∗
χ−11 χ2
(X).
This completes the proof of (1) of Corollary 1.6 and (2) is easily deduced from
(1).
Now we assume that I is isomorphic to O[[X ]] with O the ring of inte-
gers of a finite extension K of Qp. We choose a uniformizer ̟ of O. Let
f1(X), · · · , fm(X) be the generators of I (ρF ). For each i = 1, · · · ,m, decom-
pose
fi(X) = ̟
µiPi(X)Ui(X),
where Pi(X) is a distinguished polynomial and Ui(X) a unit in O[[X ]]. Let
F (X) =
m∏
i=1
Pi(X).
We apply Lemma 3.11 to F (X). Then there exists an r1 ∈ Z≥0 such that for
any ϕ ∈ X
(r1)
I
,
ordpϕ (fi(X)) = µiordp̟ +
degPi(X)
(p− 1)prϕ−1
. (7)
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We denote by ζm a primitive m-th root of unity for a positive integer m.
Let r2 be the largest integer j such that ζpj ∈ K and let us take a ϕ ∈ X
(r2)
I
.
Write Kϕ = Frac (ϕ (I)) for short. First we assume r2 > 0. Then we have
K ∩ Qp (ζϕ) = Qp (ζpr2 ) and Gal (Kϕ/Qp (ζϕ))
∼
→ Gal (K/Qp (ζpr2 )) . Since
I is isomorphic to O[[X ]], the residue degree in Kϕ/Qp (ζϕ) and K/Qp (ζpr2 )
coincide, so are the ramification index. Hence the ramification index of Kϕ over
Qp is e(p − 1)p
rϕ−1, where e is the ramification index of K over Qp(ζpr2 ). If
r2 = 0, we may enlarge O to O
′ = O[ζp] since O[ζϕ] = O
′[ζϕ] for ϕ ∈ X
(r2)
I
.
Then the argument above also holds, i.e. there exists a constant e such that the
ramification index ofKϕ overQp is e(p−1)p
rϕ−1. Note that e is the ramification
index of K (ζp) /Qp (ζp) if r2 = 0.
Since Gˆχ−11 χ2
(X)I ⊂ I (ρF ) and ̟ ∤ Gˆχ−11 χ2
(X), we have that
Z = { i = 1, · · · ,m | µi = 0 }
is nonempty. Let
l = min { degPi(X) | i ∈ Z }
and let us take an r3 ∈ Z≥0 such that for any i /∈ Z,
(p− 1)pr3−1µiordp̟ + degPi(X) ≥ l. (8)
Let r′ = max { r1, r2, r3 } and let us take a ϕ ∈ X
(r′)
I
. Then we have
♯L(ρfϕ) = min { ord̟ϕϕ (fi(X)) | 1 ≤ i ≤ n }+ 1. (9)
Since the ramification index of Kϕ over Qp is e(p− 1)p
rϕ−1, we have
ord̟ϕϕ (fi(X)) = e(p− 1)p
rϕ−1µiordp̟ + e · degPi(X) (10)
for each 1 ≤ i ≤ n by the equation (7). Thus
min { ord̟ϕϕ (fi(X)) | 1 ≤ i ≤ n } = el (11)
by the equation (8). Combine the equation (9) and (11), we have that ♯L(ρfϕ) =
el + 1 is constant. This completes the proof of (3) of Corollary 1.6.
Now we assume the condition (R) or both of the conditions (C) and (P). We
have ♯L(ρfϕ ) = ord̟ϕ
(
Lp
(
1− kϕ, χζϕχ
−1
1 χ2ω
))
+1 by (2) and (3) of Theorem
1.5. We fix a ζ ∈ µp∞ . First we assume that Lp(1 − s, χζχ
−1
1 χ2ω) has a zero
s0 ∈ Zp. Let {kn} be the sequence defined as follows:
(i) kn = s0 + p
n if s0 ∈ Z,
(ii) kn =
n∑
i=0
aip
i if s0 =
∞∑
i=0
aip
i such that 0 ≤ ai ≤ p− 1 and s0 6∈ Z.
Then ♯L(ρfϕ) is unbounded when kϕ runs over the sequence
{
kn
}
.
Now we suppose that Lp
(
s, χζχ
−1
1 χ2ω
)
has no zero in Zp and we prove
that ord̟ϕ
(
Lp
(
1− kϕ, χζχ
−1
1 χ2ω
))
is bounded by contradiction. Suppose that
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ord̟ϕ
(
Lp
(
1− kϕ, χζχ
−1
1 χ2ω
))
is unbounded. Then there exists a sequence
{kn} such that kn ≥ 2 and
lim
n→∞
Lp
(
1− kn, χζχ
−1
1 χ2ω
)
= 0.
Since Zp is compact and Lp is a continuous function, Lp
(
s, χζχ
−1
1 χ2ω
)
must
have zero in Zp which contradicts to our assumption. Hence ♯L(ρfϕ) is bounded.
This completes the proof of (4) of Corollary 1.6.
3.4 Proof of Corollary 1.7
We denote by F the residue field I/m. The following lemma is a generalization
of the arguments in [11, Appendix I ] for more general settings.
Lemma 3.12. Let the assumptions and the notations be as in Theoren 1.5.
Assume the conditions (D), (C), (P) and (F). Let T be a stable lattice which is
free over I. Then T ⊗I ϕ(I) is a mod ̟ϕ not semi-simple lattice for any ϕ ∈ XI.
Proof. We have I (ρF ) = Gˆχ−11 χ2
(X)I under the conditions (D), (C) and (P)
by Corollary 3.10. Let us take a stable lattice T ∼= I⊕2 and we consider the
following representation:
ρ = ρF ,T : Gal
(
Q/Q
)
→ GL2 (I) .
Write L = Gˆχ−11 χ2
(X)I for short. The condition (P) enables us to define
Frac (I/L) and Frac (I/L) is of characteristic zero by the Ferrero-Washington
theorem. We denote by ρ mod L the representation as follows:
ρ mod L : Gal
(
Q/Q
) ρ
→ GL2 (I)
mod L
−→ GL2 (I/L) .
Since trρ mod L is the sum of two characters, we have ρ mod L is reducible by
the Brauer-Nesbitt theorem. Let {v1, v2} be a basis corresponding to ρ mod L
such that (I/L) v1 is stable under ρ mod L. Let v˜i ∈ T be a lift of vi (i = 1, 2).
Since I is complete under the m-adic topology, T is generated by v˜1 and v˜2 over
I. Since
⋂
nm
n = (0), we have T = Iv˜1 ⊕ Iv˜2. Thus T
′ = Iv˜1 ⊕ Lv˜2 is also a
stable I-free lattice and T /T ′ ∼= I/Gˆχ−11 χ2
(X)I.
For any ϕ ∈ XI, we denote by T, T
′ the lattices T ⊗I ϕ(I), T
′ ⊗I ϕ(I). Let
♯L(ρfϕ ) = n+ 1. Since I (ρF ) = Gˆχ−11 χ2
(X)I, we have
T/T ′ =
T ⊗I ϕ(I)
T ′ ⊗I ϕ(I)
∼= (T /T ′)⊗I ϕ(I) ∼=
(
I/Gˆχ−11 χ2
(X)I
)
⊗I ϕ(I) ∼= ϕ(I)/̟
n
ϕ.
Thus d ([T ], [T ′]) = n. Since L
(
ρfϕ
)
is a segment by (6) of Proposition 2.2 and
Proposition 3.4, [T ] has exactly one neighbor in L
(
ρfϕ
)
. Thus T is a mod ̟ϕ
not semi-simple lattice by (3) of Proposition 2.2.
Under the above preparation, we return to the proof of Corollary 1.7.
Proof of Corollary 1.7. Let us take an m ∈ Z>0. Let ζ ∈ µp∞ such that
Lp
(
1− s, χζχ
−1
1 χ2ω
)
has a zero in Zp. Then Corollary 1.6 (4) tells us that
there exists a ϕ ∈ XI,ζ such that ♯L(ρfϕ) = n+ 1 > m.
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Now we fix such ϕ and we denote by P = Ker ϕ. Let T be the stable lattice
which satisfies the condition (F). We denote by T = T ⊗ ϕ(I) and let
π : T ։ T ⊗ ϕ(I) = T
be the reduction map. We have T is a mod ̟ϕ not semi-simple by Lemma 3.12.
Let
L
(
ρfϕ
)
= { [T ], [T1], · · · , [Tn] }
such that for any 1 ≤ i ≤ n, T/Ti ∼= ϕ(I)/ (̟ϕ)
i
as a ϕ (I)-module. We denote
by Ti = π
−1(Ti). Since PT ⊂ Ti ⊂ T , Ti is a lattice. By the definition of Ti we
have Ti is stable under the Gal
(
Q/Q
)
-action. Thus we obtain stable I-lattices
T ⊃ T1 ⊃ · · · ⊃ Tn.
For i 6= j, if there exists an I[Gal
(
Q/Q
)
]-isomorphism Ξ : Ti
∼
→ Tj , then Ξ
induces a ϕ(I)[Gal
(
Q/Q
)
]-isomorphism
Ti
∼
→ Tj, v ⊗ 1 7→ Ξ(v)⊗ 1
in T ⊗I ϕ(I). For i 6= j, Ti and Tj are non-isomorphic to each other by Propo-
sition 3.4. This contradicts to our assumption. Hence Ti and Tj are non-
isomorphic to each other and ♯L(ρF ) ≥ n+1 > m. This completes the proof of
Corollary 1.7.
Remark 3.13. By Corollary 3.9, we also have I (ρF ) = Gˆχ−11 χ2
(X)I is a prime
ideal under the conditions (D), (R) and (P). Thus Corollary 1.7 is also satisfied
if we assume the conditions (D), (R), (P) and (F).
4 Examples
Let O be the ring of integers of a finite extension of Qp and f ∈ Sk(Γ0(M), ε,O)
a newform. Assume that the eigenvalue a(p, f) of f for the Hecke operator Tp
is a p-adic unit. We define f∗ ∈ Sk(Γ0(Mp), ε,O) by f
∗ = f(q)−βf(qp), where
β is the unique root of x2 − a(p, f)x + ψ(p)pk−1 with p-adic absolute |β| < 1.
We call this f∗ the p-stabilized newform associated to f .
Let (p, k0) be the irregular pair such that p | Bk0 . We give two examples as
follows:
1. (p, k0) = (691, 12). Let ∆ ∈ S12 (SL2(Z)) be the Ramanujan’s cuspform.
Since dimCS12 (SL2(Z)) = 1, there exists an unique Λ-adic normalized
Hecke eigen cusp form F ∈ Sord(ω11,Λ) such that
F
(
u10 − 1
)
= ∆∗
and T(ω11,Λ) is isomorphic to Λ (see [9, §7.6]), where Λ = Zp[[X ]]. Hence
I (ρF ) = Gˆω11(X)I by Corollary 3.9. The ideal generated by the Iwasawa
power series
(
Gˆω11(X)
)
is equal to (X − aω11) with aω11 ∈ pZp \ p
2Zp
which is calculated by Iwasawa-Sims (see [22, §1]). Then we have the
following statements:
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(i) ♯L(ρfϕ ) is unbounded when ϕ varies in XΛ,1 by (4) of Corollary 1.6.
(ii) ♯L(ρfϕ ) = 2 is constant when ϕ varies in X
(0)
Λ by (1) and (3) of
Corollary 1.6.
(iii) For each k ≥ 2, ♯L(ρfϕ) is bounded with maximum value ordp(Lp(1−
k, χω)) + 1 when ϕ varies in XΛ,k by (i) and (ii).
(iv) Since I = Λ is a regular local ring, for a stable Λ-lattice T , we have
that
T ∗∗ = HomΛ (HomΛ (T ,Λ) ,Λ)
is a Λ-free lattice. Hence the condition (F) is satisfied and we have
♯L(ρF ) =∞ by Corollary 1.7.
Remark 4.1. [11, Appendix II] tells us that for the irregular pair (p, k0)
with p < 107 and k0 < 8000 such that p | Bk0 , T(χ,Λ) is isomorphic to Λ
except for (p, k0) = (547, 486). Hence we can apply Theorem 1.5 (2) for
these pairs.
2. (p, k0) = (547, 486). By [11, Appendix II], there is a conjugate pair of p-
stabilized newforms of weight 486 with the required Eisenstein congruence
condition mod 547 and the corresponding Hida Hecke algebra T(ω485,Λ)
is finite flat of rank two over Λ. We denote by f∗486, f
′∗
486 the corresponding
newforms.
Let F (resp. F ′) be the I-adic normalized Hecke eigen cusp form associ-
ated to f∗486 (resp. f
′∗
486). Note that I is an integral closure of a quotient
of T(ω484,Λ) by a minimum prime ideal of Λ by the proof of [9, §7.4,
Theorem 7]. Hence Frac(I) is a quadratic extension of Frac(Λ). The ideal
generated by the Iwasawa power series
(
Gˆω485(X)
)
is equal to (X − aω485)
with aω485 ∈ pZp \p
2Zp which is calculated by Iwasawa-Sims (see also [22,
§1]). Then ♯L(ρfϕ ) ∈ {2, 3} when ϕ varies in X
(0)
I
by (1) of Corollary 1.6.
The condition (C) satisfied for F (this is because the Vandiver’s conjec-
ture is true for p = 547), thus I(ρF ) is a principal ideal which is generated
by a factor of X − aω485 in I by Corollary 3.10. The same holds for F
′.
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